DEFINABLE HENSELIAN VALUATIONS 
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Abstract. In this note we investigate the question whether a henselian valued field carries 
a non-trivial 0-definable henselian valuation (in the language of rings). It follows from 
the work of Prestel and Ziegler that there are henselian valued fields which do not admit 
a 0-definable non-trivial henselian valuation (|PZ78 1). We give conditions on the residue 
field which ensure the existence of a parameter-free definiton. In particular, we show that 
a henselian valued field admits a non-trivial 0-definable valuation when the residue field 
is separably closed or sufficiently non-henselian, or when the absolute Galois group of the 
(residue) field is non-universal. 



1 . The canonical henselian valuation 

We call a field K henselian if it admits some non-trivial henselian valuation. If K is 
henselian and neither separably nor real closed there is always a canonical henselian val- 
uation on K. In this section, we recall the definition and discuss some of its properties. 
We use the following notation: For a valued field (K, v), we denote the valuation ring by 
O v , the residue field by Kv, the value group by vK and the maximal ideal by m v . For an 
element a e O v , we write a to refer to its image in Kv. 

Theorem 1.1 (a la FK. Schmidt). If a field admits two independent non-trivial henselian 
valuations, then it is separably closed. 

Proof. I1EP05I . Theorem 4.4.1. □ 

One can deduce from this that the non-trivial henselian valuations on a field form a tree: 
Divide the class of henselian valuations on K into two subclasses, namely 

Hi{K) = { v henselian on K \ Kv + Kv sep } 

and 

H 2 (K) = { v henselian on K \ Kv = Kv sep } . 
A corollary of the above theorem is that any valuation V2 € H<i(K) is finer than any vi e 
H\(K), i.e. V2 c Vl , and that any two valuations in H\(K) are comparable. Furthermore, 
if H2(K) is non-empty, then there exists a unique coarsest vk e HiiK); otherwise there 
exists a unique finest vk e H\(K). In either case, vk is called the canonical henselian 
valuation. Note that if K admits a non-trivial henselian valuation, then v% is also non- 
trivial. 
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Sometimes, coarsenings of \>k 'hensel down' to subfields: 

Theorem 1.2. Let (L, w) be a valued field, and assume that L is not separably closed and 
that w is a (not necessarily proper) coarsening ofV]_. If K c L is a subfield, then v — w\k 
is a coarsening ofv K in both of the following cases: 

(1) L/K finite. 

(2) Gl 6 Syl p (Gx) and if p — 2 and Lw is real closed, then no proper coarsening of 
W has real closed residue field. 

Proof. IIEP05I . Theorem 4.4.4 and HKoe03l . Proposition 3.1. □ 

2. p-HENSELIANITY 

Throughout this section, let K be a field and p a prime. 

Definition. We define K(p) to be the compositum of all Galois extensions ofK of p-power 
degree. A valuation v on K is called p-henselian if v extends uniquely to K(p). We call K 
p-henselian if K + K(p) and if K admits a non-trivial p-henselian valuation. 

Clearly, this definition only imposes a condition on v if K admits Galois extensions of 
p-power degree. 

Proposition 2.1 ([Koe95|, Propositions 1.2 and 1.3). For a valued field (K, v), the follow- 
ing are equivalent: 

(1) v is p-henselian, 

(2) v extends uniquely to every Galois extension of K of p-power degree, 

(3) v extends uniquely to every Galois extension of K of degree p, 

(4) for every polynomial f e O v which splits in K(p) and every a G O v with f(a) — 
and f '(d) + 0, there exists a € O v with f(a) — and a = a. 

As for fields carrying a henselian valuation, there is again a canonical p-henselian valua- 
tion, due to the following analogue of Theorem ll.il 

Theorem 2.2 ([Br676|, Corollary 1.5). If K carries two independent non-trivial p-hense- 
lian valuations, then K — K(p). 

Assume that K + K(p). We again divide the class of p-henselian valuations on K into two 
subclasses, 

H P X (K) = { v p-henselian on K \ Kv + Kv(p) } 

and 

H P 2 (K) = { v p-henselian on K \ Kv = Kv(p) } . 

As before, one can deduce that any valuation V2 e H'^iK) is finer than any vi e H P (K), 
i.e. Vl c Vl , and that any two valuations in H P (K) are comparable. Furthermore, if 
H P (K) is non-empty, then there exists a unique coarsest valuation v P K in H P (K); otherwise 
there exists a unique finest valuation v p K e H P (K). In either case, v p K is called the canonical 
p-henselian valuation. Again, if K is p-henselian then v p K is also non-trivial. 
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When it comes to henselian valued fields, real closed fields always play a special role. No 
real closed field admits a definable henselian valuation, and there are real closed fields 
which admit no henselian valuations (like R) whereas others do (like R((Q))). These dif- 
ficulties are reflected by 2-henselian valuations on euclidean fields. A field K is called 
euclidean if [K(2) : K] = 2. Any euclidean field is uniquely ordered, the positive elements 
being exactly the squares. If a euclidean field has no odd-degree extensions, then it is real 
closed. In particular, there is an X,m ? -sentence p such that any field K with K + K(2) 
models p iff it is non-euclidean. Note that euclidean fields are the only fields for which 
K(p) can be a finite non-trivial extension of K. 

Proposition 2.3. For p > 2, consider the class of fields 

<K P := { K | K + K(p) and ifchar(K) + p then £ p e K } , 

and define furthermore 

K2 '■— { K I K + K(2) and K is not euclidean } . 

Then for any prime p there is an £, ring -sentence ip p such that for any K £ 'Kp, ip p holds in 
K iff K admits a non-trivial p-henselian valuation. 

Proof. This follows from the proof of |Koe95|, Corollary 2.2. The sentence <p p expresses 

• if char(A") + p, the sets 

(a(K x )" + b)n (c(K x ) p + d) 
for a, c + form the base of a V-topology and 

• if char(^T) = p, the sets 



ax + b 



c 



\cx + d ) 

with K (p ^ = {y p -y\yeK] and ad - be + form the base of a V-topology. 

A V-topology is a non-discrete Hausdorff field topology on K, such that for any neighbour- 
hood base t of 

VW E t3U e rMx,y E K(xy eU^xeWVyeW) 
holds (see IEP05L Appendix B). □ 

We want to use the above proposition to show that the definitions of p-henselian valuations 
in I Koe95 ] can be done uniformly. First we need to define a 2-henselian valuation in case 
the residue field is euclidean, as this case is not treated in HKoe95ll . 



Theorem 2.4. Let K + K(2), and assume that K is not euclidean and that Kv 2 K is eu- 
clidean. Then the c 
field is lb-definable. 



clidean. Then the coarsest 2-henselian valuation v 2 ^ on K which has euclidean residue 



Proof. We follow the proof of 3.2 in [Koe95|. As Kv 2 K is euclidean, all 2-henselian val- 



uations are comparable and coarsenings of v K . Since K is not euclidean, there must be a 
coarsest 2-henselian valuation v 2 ^ such that Kv 2 ^ is euclidean. 

We use Beth's Definability Theorem to show that v 2 ^ is definable. If we add a symbol for 
O v to the ring language, then we claim that O v = O v 2. is axiomatized by the properties 
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(i) v is 2-henselian, 

(ii) Kv is euclidean, 

(iii) vK is not 2-divisible and no convex subgroup of vK is 2-divisible: 

Vff > e vK 3y e vK such that <y < a t\ 2 \ y. 

Clearly, v 2 * satisfies the first two of these axioms. Furthermore, since Kv 2 ^ is euclidean but 
K is not, xrgKis not 2-divisible. As every coarsening of v 2 ^ has non-euclidean residue field, 
vj£K has no non-trivial convex 2-divisible subgroups. Since all 2-henselian valuations are 
comparable, v 2 ^ is the only 2-henselian valuation with euclidean residue field and value 
group having no non-trivial 2-divisible convex subgroup, hence it is indeed characterized 
by these properties. 

As the same characterization gives v 2 * in any L = K and no parameters were needed, v 2 £ is 
0-definable by Beth's Definability Theorem (see [Hod97|, Theorem 5.5.4). □ 

Theorem 2.5. For a fixed characteristic q, consider the class of fields 

'Kp^q '■= { K 6 'Kp | char(A') = q and K is p-henselian J . 

For (p, q) + (2, 0), there is a parameter-free JLring- formula <f> p ^(x) such that (f> pq (K) defines 
the canonical p-henselian valuation ring in any K e e K P , q - In case (p, q) — (2, 0), there 
is a parameter-free Ji r i ng -formula <f>2,o(x) such that (f>2,o(K) defines a non-trivial coarsening 
of the canonical 2-henselian valuation ring O v t in any K e "702,0- 

Proof. We show that the definition in |Koe95|, Theorem 3.2, can be found uniformly. 
In order to do that, we use Beth's Definability Theorem to get a definition modulo the 
(elementary) class < K Pt q- We start with (p, q) + (2, 0). In this case, O v = O v p is axiomatized 
by 

(i) O v is p-henselian, 

(ii) if Kv + Kv(p) then Kv is not /?-henselian, 

(iii) if Kv = Kv(p) and char(/T) + p, then vK has no non-trivial p-divisible convex sub- 
group, 

(iv) if Kv = Kv(p) and char(/T) = p, then either vK contains no non-trivial p-divisible 
convex subgroup or v({ x p - x \ x e K }) contains no non-trivial convex subgroup. 

Note that there can't be more than one /?-henselian valuation satisfying one of the clauses 
(ii)-(iv) for any field in 'Kp^- Furthermore, all statements are elementary by the proof of 
Theorem 3.2 in [Koe95|. Hence Beth's Definability Theorem gives a uniform, parameter- 
free definition of v P K modulo *K PA as claimed. 

In case p = 2, we need to include one further case in order to deal with the special case 
of a euclidean residue field. We get a characterization of some 2-henselian non-trivial 
coarsening of v 2 K (namely depending on K either v 2 K or v 2 ^) by replacing (ii) by 

(ii)' if Kv + Kv(2) then either Kv is not euclidean and not 2-henselian, or Kv is eu- 
clidean and vK is not 2-divisible and no convex subgroup of vK is 2-divisible. 
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As no euclidean field admits a 2-henselian valuation with 2-closed residue field, the cases 
are again mutually exclusive and we get a parameter-free definition, defining v 2 K on fields 
K 6 9C2,o in case Kv 2 K is not euclidean and v 2 ^ on all others. □ 

Note that unlike henselianity, being p-henselian does not go up arbitrary algebraic exten- 
sions, as a superfield might have far more extensions of p-power degree. Nevertheless, as 
with henselianity, sometimes p-henselianity goes down: 

Proposition 2.6. Let K be afield, K + K(p). Assume that L is a normal algebraic exten- 
sion ofK, where L is p-henselian and L + L(p). If 

(1) K c L c K(p) or 

(2) L/K is finite 
then K is p-henselian. 

Proof. 1.: See HKoe031 . Proposition 2.10. 

2.: Assume K is not p-henselian, and let v be a valuation on K. By the first part of the 
proposition, v has infinitely many extensions to K(p): If there were only n extensions of v 
to K(p), then there would be some L' D K finite, L' c K(p), such that v had n extensions 
to II . The normal hull of L' and thus K would be p-henselian. 

Now assume L = K{a\, . . . , a m ) finite and normal, then K(p)(a\, . . . , a m ) c L(p). If w is 
a valuation on L, then v = w\k has infinitely many prolongations to K(p). As v has only 
finitely many prolongations to L, and all these are conjugate, w must have infinitely many 
prolongations to K(p)(a\, . . . , a m ) and hence to L(p). a 



3. p-HENSELIAN VALUATIONS AS HENSELIAN VALUATIONS 

Let K be a henselian field and p a prime satisfying K + K(p). As any henselian valuation 
is in particular p-henselian, we have either v p K 2 vk or v p K c v K . In the first case, v p K is 
henselian. As we will make use of this fact several times later, we note here that this is in 
fact an equivalence: 

Lemma 3.1. Let K be a henselian field with K + K(p) for some prime p. Then v p K is 
henselian iff 'v P K coarsens vk- 

Proof. Obviously, coarsenings of henselian valuations - like Vk - are henselian. Con- 
versely, assume that v P K is henselian and a proper refinement of Vk- Then, by the definition 
of vk, we get v^. e H2(K) and hence vk e H2(K). In this case, v P K has a proper coarsening 
with p-closed residue field, contradicting the definition of v p K . □ 

3.1. Conditions on the residue field. We first want to show that we can use the canonical 
p-henselian valuation to define a henselian valuation on henselian fields for which the 
residue fields are not p-henselian. 

Proposition 3.2. Let (K, v) be a non-trivially henselian valued field. Assume that the 
residue field Kv is not p-henselian and that Kv + Kv(p). If p — 2, assume further that Kv 
is not euclidean. Then v is ^-definable. 
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Proof. Let p and (K, v) be as above. If chav(K) + p, we assume g p e K for now. 

Note that K + K(p) (see I1EP051 , Theorem 4.2.6). Thus K is p-henselian. We claim that 
v p K = v. As v is henselian, it is in particular p-henselian and hence comparable to v p K . Since 
Kv is not p-henselian, v P K is a coarsening of v, as otherwise v K would induce a p-henselian 
valuation on Kv (|EP05 |, Corollary 4.2.7). Assume v P K is a proper coarsening of v. Then 
we get v e H P (K) and hence ^Tv = Kv(p), contradicting our assumption on Kv. This proves 
the claim. 

For p = 2, we get from our assumption that = /Tv is not euclidean. Thus is 
henselian and 0-definable by |2.5l 

In case chai(K) + p and K does not contain a primitive pth root of unity, we consider K' = 
K(£ p ). As this is a 0-definable extension of K, it suffices to define the - by henselianity 
unique - prolongation v' of v to K' . Since /TV is a finite normal extension of Kv, it still 
satisfies K'v' + K'v'(p) and is furthermore not p-henselian by |2.6l Now v' is 0-definable 
as above, and thus also v. □ 

Note that any hilbertian residue field satisfies the assumption of the above proposition. The 
proof of the this follows the proof of Lemma 15.5.4 in IFJ081. 

Lemma 3.3. If K is a hilbertian field then K + K(p) for any prime p. Furthermore, K is 
not p-henselian. 

Proof. If K is hilbertian, then K + K(p) for any p by Corollary 16.3.6 in HFJ08I . Let us 
first treat the case charfX) + p. We may then assume that K contains a primitive pth root 
of unity as K(£ p ) is again hilbertian, and if K(£ p ) was /?-henselian then so would be K by 
M 

Let v be a non-trivial valuation on K. Choose m E m v \ {0} and consider the irreducible 
polynomial f(T,X) = X p + mT - 1 in K(T)[X]. If K is hilbertian, there exists an a e K x 
such that f(a, X) is irreducible in K[X]. Furthermore, by exercise 13.4 in [FJ08 1, a may be 
chosen in O v . But now f(a, X) splits in K(p), and has a simple zero in Kv. Hence bv l2.ll v 
cannot be p-henselian. 

In case charfX) = p, the same argument as above applies to the polynomial f(T,X) = 
XP +X + mT - 2. □ 

Example. For any number field K and any ordered abelian group Y, the power series 
valuation on ^((F)) is %-definable. 

In order to generalize the proposition to a wider class of fields, we need the following 

Definition. Let K be afield. We call K virtually p-henselian if p \ #Gk and there is some 
finite Galois extension L of K with L + L(p) such that L is p-henselian. 

If K + K(p), then K is virtually p-henselian iff it is p-henselian by 12.61 There are well- 
known examples of fields which are not virtually p-henselian, e.g. PAC fields. One can 
show that PAC fields are not p-henselian using the same method as one uses to show that 
they are not henselian (see [FJ08 |, Corollary 1 1.5.5). 
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Lemma 3.4 (Kaplansky-Krasner for p-henselian valuations). Assume that (K, v) is a p- 
henselian valued field and take f e K[X] separable, deg(/) > 1, such that f splits in K(p). 
Suppose for each y e vK there exists some x 6 K such that v(f(x)) > y. Then f has a zero 
in K. 

Proof. Without loss of generality we may assume that / is monic and that deg(/) = n > 0. 
Write 

n 

f(X) = Y\(X-xd 

;=1 

for x, e K(p). Take y > n ■ max{v(x,- - xf) | 1 < i < j < n\ and choose x e K such that 

n 

v(f(x)) = ^v(x- xd > y. 

!=1 

Hence for some j with 1 < j < n we get v(x - xj) > y/n. If Xj t K, then there is some 
cr e Gal(K(p)/K) such that cr(xj) + Xj. Thus we get 

y 

v(x — cr(xj)) = v(cr(x — Xj)) = v(x — Xj) > — , 

n 

where the last equality holds as v is p-henselian. Therefore 

y 

v(xj - cr(xj)) > mm{v(xj - x), v(x - cr(xj))) > — 
which contradicts the choice of y. Hence we conclude Xj e K, so / has a zero in K. □ 
Lemma 3.5. Let K be afield. IfK is PAC and K + K(p), then K is not p-henselian. 

Proof. Assume that K is PAC and /?-henselian. We show that then K - K(p). Take 
/ € K[X] a separable, irreducible polynomial with deg(/) > 1 splitting in K(p). It suffices 
to show that for all c e K x there exists an x e K such that v(f(x)) > v(c), as then / has a 
zero in K. 

Consider the curve g (X, Y) = f(X)f(Y)-c 2 . Consider g(X, Y) as a polynomial over K sep [ Y] . 
Eisensteins' criterion (|FJ08|, Lemma 2.3.10(b)) applies over this ring to any linear factor 
of f(Y), thus g(X, Y) is absolutely irreducible. As K is PAC, there exist x,y e K such that 
f(x)f(y) = c 2 . Thus either v(f(x)) > v(c) or v(/(y)) > v(c). □ 

As being PAC passes up to algebraic extensions, any PAC field K is in particular not virtu- 
ally /?-henselian for all primes p \ #Gk- Furthermore, as real closed fields are not PAC, no 
PAC field is euclidean. 

Theorem 3.6. Let (K,v) be a non-trivially henselian valued field with p \ #Gk y > an d if 
p — 2 assume that Kv is not euclidean. If Kv is not virtually p-henselian then v is 0- 
definable on K. 

Proof. If Kv is not virtually p-henselian and Kv + Kv(p), then v is 0-definable by |3.2| 

In case Kv = Kv(p), we take some finite Galois extension L of Kv with L + L(p). By 
assumption, no such L is p-henselian. As Kv is not euclidean, L is also not euclidean. By 
12.61 we may assume that L contains a primitive pth root of unity in case char(Xv) + p. Let 
[L : Kv] = n. 
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Consider any finite Galois extension M of K, with w the unique prolongation of v to M, 
such that Mw = L. As before, w is 0-definable on M and hence, by interpreting M in K 
using parameters, so is its restriction v to K. 

Thus it remains to show that a definition can be found without parameters. The interpre- 
tation of Galois extensions of a fixed degree of K can be done uniformly with respect to 
the parameters (namely the coefficients of a minimal polynomial generating the extension). 
By 12.51 the definition of the /^-henselian valuations on these can also be done uniformly. 
To make sure that the residue field of the canonical p-henselian valuation of a finite Ga- 
lois extension of K corresponds to a field L as described above, we just need to restrict to 
extensions M of K with v*f e H P (M). Hence we get the desired definition by 



Corollary 3.7. Let p be a prime and let K be a field such that p \ #Gk and that K is not 
virtually p-henselian. If p — 2, assume that K is not euclidean. Then the power series 
valuation is definable on K((T)), for any ordered abelian group T. 

We now show a corresponding result for separably closed residue fields. 

Theorem 3.8. Let K be a field, neither separably nor real closed. Assume that K is 
henselian with respect to a valuation with separably closed residue field. Then K admits a 
non-trivial %-definable henselian valuation. 

Proof. We show first that Gk is pro-soluble. If K is henselian with respect to a valuation 
with separably closed residue field, then vk has also separably closed residue field. Let w 
be the prolongation of vk to K sep . Recall that there is an exact sequence 



where I w denotes the inertia group of w over K (see [EP05|, Theorem 5.2.7). Hence, as I w 
is pro-soluble (see [EP05 1, Lemma 5.3.2), so is Gk- 

Thus there is some prime p with K + K(p). But now v P K is indeed a coarsening of Vk- 
Otherwise, the definition of v p K would imply Kvk + Kvk(p). If K contains a primitive 
pth root of unity or char(/T) = p, then v p K is 0-definable and henselian. Else, we consider 
the 0-definable extension K(£ p ). Then the canonical henselian valuation on K(( p ) still has 
separably closed residue field, therefore v p , r gives a 0-definable henselian valuation on 
K. □ 

3.2. Henselian fields with non-universal absolute Galois groups. In this section, we 
will give a Galois-theoretic condition to ensure the existence of a non-trivial 0-definable 
henselian valuation on a henselian field. 

Throughout this section, assume that K is neither real nor separably closed. 
The following group-theoretic definition is taken from |NS07|. 

Definition. Let G be a profinite group. We say that G is universal if every finite group 
occurs as a continuous sub quotient of G. 




C P e M if char(M) * p, v p M e H P (M)). 



□ 



Gk — * Gkv k 
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Note that for a field K, Gk is non-universal iff there is some n e N such that the symmetric 
group S„ does not occur as a Galois group over any finite Galois extension of K (and then 
no S m with m > n will occur). 

We will make use of the following statement: 

Theorem 3.9 (|Koe05|, Theorem 3.1). Let K be afield and L and M algebraic extensions 
of K which both carry non-trivial henselian valuations. Assume further that Gl is non- 
trivial pro-p and Gm non-trivial pro-qfor primes p < q. Let v and w be (not necessarily 
proper) coarsenings of the canonical henselian valuations on L and M respectively, and, 
if p — 2 and Lv is real closed, assume v to be the coarsest henselian valuation on L with 
real closed residue field. Then either Gk is universal or v\k and w\k are comparable and 
the coarser valuation is henselian on K. 

Example. All of the following profinite groups are non-universal: 

(1) pro-abelian groups, 

(2) pro-nilpotent groups, 

(3) pro-soluble groups, 

(4) any group G such that p \ #G for some prime p. 

Non-abelian free profinite groups are of course universal, and so are absolute Galois 
groups of hilbertian fields. 

Now we can use |3.9| to deduce henselianity from p- and g-henselianity: 

Proposition 3.10. Suppose Gk is non-universal, and K(p) + K + K(q) for two primes 
p < q. In case p — 2, assume further that K is not euclidean. If K is p- and q-henselian, 
then K is henselian. 

Proof. Consider the henselization L' (respectively M') of K with respect to the canonical 
/7-henselian valuation v p K (the canonical g-henselian valuation v q K ) on K. Then define L to 
be the fixed field of a p-Sylow of L', and M accordingly. 

Claim: L is not separably closed. 

Proof of Claim: We need to show that L' is not p-closed. But if a 6 K(p) has degree 
p" over K, then - as v p K is p-henselian - a is moved by some element of D{K(p)/K). As 
decomposition groups behave well in towers, we get a i L. 

In case p — 2, the same argument shows that L is also not real closed. Since L is p- 
henselian and Gl is pro-p, L is also henselian, and likewise is M. Now we consider the 
canonical henselian valuations Vz, on L and the canonical henselian valuation vm on M. 
If p = 2 and L\'i is real closed, we replace \>l by the coarsest henselian valuation on L 
with real closed residue field. As L is not real closed, this is again a non-trivial henselian 
valuation. 



By 13.91 the restrictions vl\k and vm\k are comparable and the coarser one is henselian. 
As L and M are algebraic extensions of K, none of the restrictions is trivial. Hence K is 
henselian. □ 
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Proposition 3.11. Let Gk be non-universal. Assume that there are two primes p < q with 
p,q | #Gk and that K(p) + K + K(q). If K is henselian, then K is henselian with respect 
to a ^-definable valuation. 

Proof. As long as we define a coarsening of vk without parameters, we may assume that 
( q e K if char(Zf) + p or q respectively. Thus in case p — 2, K is not formally real and 
so Kv 2 K cannot be euclidean. All these extensions still have non-universal absolute Galois 
groups. 

As K is henselian, it is in particular p- and ^-henselian. We consider the canonical p- 
henselian (^-henselian) valuation v p „ (vl respectively) on K. If v p K or vi is henselian, then 
we have found a 0-definable henselian valuation. 

But this must always be the case: Assume that neither v p K nor v q K is henselian. Then \'k is 
a proper coarsening of v p K , and thus Kvk is ^-henselian and satisfies Kvk + Kvk(p). Sim- 
ilarly, Kvk is g-henselian and Kvk + Kvxiq) holds. Therefore, by |3. 101 Kvk is henselian. 
This contradicts the definition of vk- □ 

Theorem 3.12. Let Gk be non-universal. If K is henselian, then K is henselian with 
respect to a Hi-definable valuation. 

Proof. If Gk is pro-/?, then K(p) = K sep and hence the 0-definable /^-henselian valuation is 
a 0-definable henselian valuation. Thus we may assume that there are at least two primes 
p,q with p,q \ #Gk- Let L be some finite non-euclidean Galois extension of K with 
L(p) + L + L(q), containing £ p and g q just in case char(/T) + p and q respectively. Then 
the the smallest common coarsening of v p L and v q L , v p L ■ v q L , is non-trivial, 0-definable and 
henselian on L. Bv l3.11 this is in particular a coarsening of vi. 

Now fix an integer n such that there is some Galois extension L of K of degree n as de- 
scribed above. Then the intersection 

P| ((O vI > l ■ O v <T) nK\KQL Galois, [L : K] - n, L(p) + L + L(q), 

£ p eL if char(X) ± p,£ q eL if char(/Q + q) 
gives a 0-definable henselian valuation on K. □ 

In fact, it suffices to assume for the proof of the above corollary that K is f-henselian 
rather than henselian. This is a generalization of henselianity introduced in [PZ78 |. Like 
henselianity, f-henselianity goes up to finite extensions and implies p-henselianity for any 
prime p. These are the only properties of henselianity needed in the proof. 

We want to use this corollary to define power series valuations over fields with non- 
universal absolute Galois group. 

Observation 3.13. Let (K, v) be a henselian valued field. Then Gk is non-universal iffGKv 
is non-universal. 

Proof. Recall the exact sequence 

I Y — > Gk — > Gkv 

If Gk is non-universal, then some finite group does not appear as a Galois group over any 
finite extension of K, and hence the same holds for Kv. 
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On the other hand, if Gkv is non-universal, there is some no e N such that neither S„ nor 
A n (for n > no) occur as a subquotients of Gkv- As / v is soluble, S„ (for n > max{5, no}) is 
not a subquotient of Gk, either. □ 

Corollary 3.14. Let K be afield with Gk non-universal. Then for any non-trivial ordered 
abelian group T, there is a Hi-definable non-trivial henselian valuation on K((T)). 

Proof. Immediate from the previous observation and !3.12l □ 
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